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ON THE TORSION OF CHOW GROUPS OF 
SEVERI-BRAUER VARIETIES 

SANGHOON BAEK 



Abstract. For a large class of central simple algebras we provide upper 
bounds for the annihilators of the torsion subgroups of the Chow groups of 
the corresponding Severi-Brauer varieties. 



o 

<^ ; 1. Introduction 



Let p be a prime and A a central simple algebra of p-power degree over a field. 
We denote by SB (A) the corresponding Severi-Brauer variety. Consider the 
Grothendieck ring K(SB(A)) and its gamma filtration T d K(SB(A)) for d > 0. 
By a theorem of Quillen, the gamma filtration on K(SB(A)) is determined by 
the indices of (tensor) powers of A [§, Corollary 3.2]. 

Based on this observation, Karpenko @ introduced the sequence of the 
exponents of distinct indices of powers of A, which we call the reduced sequence 
of A (see Section |^). Moreover, he showed that the torsion part of the 2nd 
quotient r 2 K '(SB (A)) /T 3 K (SB(A)) of the gamma filtration is determined by a 
certain index of the reduced sequence. Note that the 0th and the 1st quotients 
are torsion- free. 

Now we consider the torsion part of Chow group CH d (SB(v4)) of cycles 
modulo the rational equivalence relation. For d = 0,1, they are all torsion 
free. However, for d = 2 there is torsion and it is shown that the torsion part 
is annihilated by the order of torsion subgroup of T 2 K(SB(A))/T 3 K(SB(A)) 
in§. 

In this paper, for a large class of central simple algebras we provide upper 
bounds for the annihilators of the torsion subgroups of Chow groups of the 
corresponding Severi-Brauer varieties. More precisely, we prove the following. 

Theorem 1.1. Let A be a central simple algebra of p-power degree such that 
ind(.A) > exp(A) (i.e., there exist indices kj of the reduced sequence (n k ) 
satisfying n k . < n k ._ x -2 for 1 < j < m) and n km _ Y + n km + k m -i > n . Then 
for any 2 < d < p (for d = p, we assume that n km _ 1 + k m _i — k m — 1 ^ 0), the 
torsion subgroup Tors CH a! (SB(A)) is annihilated by 



N^ 1 ifn k . + 2k j > n for all 1 < j < m 

N d-t TT p. if n h + 2ki < n for some 1 < I < m 
11 * and n k „ + 2k j > n for all j but I, 
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where N = p n ° rik ™ km , Mi = p& t = max{2 < s < d \ n kl + ski < no], 
Pi = max{Mj, N} if in > 2, and Pi = Mi otherwise. 

Observe that our bound depends on the degree d and the difference between 
no and n km + k m for the first case of Theorem |1.1J . Similarly, the bound depends 
on d, hi, and n — n km — k m for the second case. In general, the only known 
bound for the annihilator of Tors CH d (SB(A)) of any degree is the index of A, 
which is p n °. 



2. Torsion in the gamma filtration 

In the present section we recall some known results on the gamma filtration 
of the Grothendieck ring K of a Severi-Brauer variety We refer to @ for 
details. The goal of this section is to compute the annihilator of the torsion of 
the quotient T d K($B(A)) /T d+1 K($B(A)) for any d > 2 (see Proposition ^5]) . 



Let A be a central simple algebra of deg(A) over a field F. Consider the 
restriction map 

K(SB(A)) ->• KiF 6 ;^- 1 ) ~ Z[x]/(x - l) de ^ A \ 

where we identify SB (A) over the separable closure F sep with the projective 
space P^)" 1 and x is the class of the tautological line bundle onP P . 
Then by || §8 Theorem 4.1] the image of this map coincides with the sublattice 
with basis ((ind(y4 lX,i ) ■ x % \ < % < deg(A) — 1). Hence, as observed in 0, 
Corollary 3.2] the gamma filtration on K(SB(A)) depends only on ind(A® 4 ). 

Given a central simple algebra A of p-power degree, let n k = v p (md(A® p )) 
for < k < v p (exp(A)). As introduced in [[|, the sequence (r^.) is called 
the reduced sequence of A. Indeed, the elements of this sequence are distinct 
elements of {ind(A (XlJ ) | i > 0}. This sequence is strictly decreasing such that 
the last term is 0. Moreover, by 0, Lemma 3.10], any such sequence is the 
reduced sequence of a division algebra of p-power degree. 

Let A be a central simple algebra of p-power degree and (n^) be the re- 
duced sequence. For any integer i k > 0, we write a{n k) i k ) for p Uk / gcd(ifc,p nfe ). 
Then, by 0, Proposition 4.1], the d-th gamma filtration T d K(SB(A)) of the 
corresponding Severi-Brauer variety SB (A) is generated by 

exp(A) exp(j4) 

(1) J] <n k ,i k )(3^ - l) ifc for all ]T i k > d, 

k=0 k=0 

where x is the class of the tautological line bundle on Pp eg ( A ) 1 , 
Indeed, the number of generators in (|J) can be reduced as follows. 

Lemma 2.1. 0, Proposition 4.10] Let A be a central simple algebra of p- 
power degree and (n k ) be the reduced sequence. Then, the d-th gamma filtration 
T d K(SB(A)) of the corresponding Severi-Brauer variety SB (A) is generated by 
([!]) with the condition that i k = for all k satisfying n k = n k _i — 1. 
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If the index is equal to the exponent of a central simple algebra of p-power 
degree, then by 0, Proposition 3.3 and Corollary 3.6], the subsequent quo- 
tient of the gamma filtration of the corresponding Severi-Brauer variety has 
no torsion. Therefore, for torsion it is enough to consider the case where the 
exponent is less than the index of algebra. By 0, Example 3.9], if the index 
of a central simple algebra A of p-power degree is equal to the exponent of 
A, then the reduced sequence of A is (n k ), where n k = v p (md(A)) — k. In 
other words, ind(A) > exp(A) if and only if there exist a positive integer m 
and , k m G [1, v p (exp(A))] such that n k . < n kj _ Y — 2 and ki < ■ • • < k m , 

where we set k = 0. In this case, we can further reduce the number of gener- 
ators in the quotient r d K(SB(A))/r d+1 K(SB(A)). 

Lemma 2.2. Let A be a central simple algebra of p-power degree such that 
ind(.A) > exp(v4) and {n k ) its reduced sequence, i.e., there exist m > 1 and 
ki, ■ ■ ■ , k m G [1, t> p (exp(v4))] such that n kj < n^,_ x — 2 and k\ < ■ ■ • < k m . Set 

k = andgj = a(n kj , d)(x phj - l) d for <j<m. //n fcm _ x +n km + k m -i > n , 
then for any d < p the classes of go,-- - ,g m generate T d K(X)/T d+1 K(X) , 
where X = SB (A). 

Proof. By Lemma |2.1| , 

m m 

/:= ]Ja(n kv i kl )(x pkl - 1)S ^ **, = d, i h >0 

1=0 1=0 

generate T d K(X)/T d+1 K(X). We show that any / is generated by g , • • • , g m . 

We first assume that 1 < i ko < d — 1. Then, by the assumption that d < p, 
we have a(n ko ,i ko ) = p nk o, a(n ko ,d) = p nk o if d < p, and a(n ko ,d) = p nk o- 1 
otherwise. Let y = x — 1, h(u) = X^"=i \m)V v i an d 

e = a{n ko ,i kQ )a{n ko ,d)-' 1 \\a{n kv i kl ) -p^ 1 *"*!. 

i=i 

Then, we have 

m m 

(2) f-eg =p n ^o(Y[ a (n kn t k[ )h(p k T l -\{a{n kll i kl )-p^ k ^y d -^). 

i=i i=i 

As YmLi = d — i ko , there is no term of degree less or equal to d in (Q). 
Moreover, each term of power of y in (0) is a multiple of p nk o. Therefore, 
f -eg eT d+l K{X). 

Now we assume that m > 2 and n km l + n km + fc m _i > n . We may assume 
that i ko = as we have done for i ko ^ in the previous case. We show that 
any 

m m 

f := Y[a(n kl ,i kl )(x pkl - l) <fc i, l h = d , % h > 
i=i i=i 
is a multiple of go modulo T d+1 K(X) by induction on m. If i k[ = d for some 
then / = gj, so we may assume that i kl < d — 1 for all 1 < I < m. 
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Let m = 2 and e' = a(n kl ,i kl )a(n k2 ,i k2 )a(n ko ,d)~ 1 p tk i kl+tk 2 k2 . By the as- 
sumption that rifej + nfc 2 + k\ > n kQ and d < p, we have e' > 1 for any 
1 < i kl ,i k2 < d—1. Consider 

(3) / - e'g = p nfe i +nfc 2 (% fcl ) ifc i /i(/ 2 ) ifc 2 - p^+^yd) 

and the coefficient 




of t/- 7 ' in (/ — e'go)p ( nfc i +rafc 2) for d + 1 < j < p kl i kl + P k2 ik 2 , where the sum 

ranges over all partitions of Xw=i a i + Xw=i A = J with 1 < < p fel and 
1 < Pi < p k2 . For each < v p (j) < k\ — 1, there exists at least one a; or $ 
such that v p (ai) < v p (j) or v p (f3i) < u p0') f° r eacri summand of Cj. Hence, we 
have Vp(cj) > h-v^j) for all d+1 < j < p kl i kl + p k 'H k2 . Since v p (a(n ko ,j)) = 
nk -v p (j) and n ko < n kl +n k2 + ki, we have v p (a(n ko ,j)) < v p (cj) + n hl +n k2 , 
which means that each term of power of y in (Q) is contained in T d+1 K(X). 
This finishes the proof of the case m = 2. 

Assume that the result holds for m — 1. By the induction hypothesis, the 
result holds for each case of i kl = 0, 1 < I < m — 2, provided that n km _^ + 
n k m + fcm-i > n fc - Again by the induction hypothesis, the result holds for 
^fc m _! = (respectively, i km = 0) if n km _ 2 + n km + k m _ 2 > n ko (respectively, 
nk m ^ 2 + n km ^ + k m ^ 2 > n ko ). As n km _^+k m -i < n km _ 2 + k m - 2 and n km < n km _ x , 
the result holds for m if njfc m _ 1 + nfc m + fc m _i > n Q . □ 

Remark 2.3. If m = 1, then the condition rii !m _ 1 + nfc m + /c m _i > no auto- 
matically holds for any case. 

We shall need the following lemma, which generalize a proof of Proposi- 
tion 4.7]. 

Lemma 2.4. Let k\, • • • ,k m G [1, v p (exp(A))] be indices of reduced sequence 
(n k ) of a central simple algebra A of p-power degree such that n kj < n kj _ 1 — 2 

k ■ 

and k\ < ■ ■ ■ < k m . Let yj = x p 3 for 1 < j < m and set k = 0. If d < p 
(respectively, d = p and n km _ 1 + k m -\ — k m — 1 ^ 0), then for all 1 < j < m, any 
element of T d+1 K(X) is congruent to (yj — l) d+1 (f>(yj) modulo p nk j-i +k i- 1 ~ k 3 
(respectively, p nk j-i +k ^- 1 ^ k ^ 1 ^ ) where 4>(yj) is a polynomial depending on y,j 
andX = SB(A). 

Proof Let pj = n kj _ 1 + kj_i — kj (respectively, pj = n k] _ Y + kj_i — kj — 1) 
if d < p (respectively, if d = p and n km _ x + k m _i — k m — 1 ^ 0). Then, 
Pj > 1 for all 1 < j < m since n km _ x + k m _i — k m — 1 ^ is equivalent to 
n km . x + k m -i - k m - 1 > and n k] _ x + kj-i -kj-l> n km _ x + k m _ x -k m -l. 

Fix 1 < j < m. Let yj = x p 3 . Then, we have x p 1 = y P j for all j < I < m. 
Let 

m m 

f = Y[a(n kl ,t kl )(x pkl ^i fcl >d+l, i kl >0 

1=0 1=0 
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be a generator of T d+1 K(X) as in the proof of Lemma [2.2| . 

If YjlZl^h = 0, then / is a multiple of YYHj a(n kl ,i h )(y p 3 - \) %k i . As 
Y^iLj hi > d + 1, the result follows. 

Now we may assume that i kl ^ for all < / < j — 1 since we can exclude 
the term of i kl = in / and rearrange the index. Moreover, if one of the 
v p (a(n kl ,i kl )), I = 0, ■ ■ • ,j — 1 is bigger or equal to pj, then we are done. 
Hence, we may assume that 

(4) pj > v p (a(n kl ,i kl )) 

for all < I < j — 1. As n k{ + ki > rifc^j + for all < / < j — 1 and 

u p(**i) + ^pOOfc, ,4,)) = we have 

(5) v p (iki) - kj + h + v p (a(n kl ,i kl )) > Pj 
for all < I < j — 1. The inequality (H) implies that 

(6) u p(*fei) - kj + ki > 1 (respectively, i> p (ifc,) - fc,- + h > 2) 

for d < p (respectively, d = p) and all < / < j — 1. 

By Lemma || Lemma 4.8], for any < / < j — 1 we have 

a{n kn i kl ){x pkl - l) ik > = a(n kl ,i kl )( yj - ifh^ 
modulo pMi^-kj+h+i+v^ain^,^)), As d < p, the result follows from (|) and 

(D- □ 

We are ready to prove the main result of this section. 

Proposition 2.5. Let d > 2 be an integer, A a central simple algebra of 
p-power degree such that ind(v4) > exp(A) and p > d, and (n k ) the reduced 
sequence of A. Let k\ < ■ ■ ■ < k m G [1, ^(exp^))] be the indices of the reduced 
sequence satisfying n kj < n kj _ 1 — 2 and n km _ 1 + n km + fc m _i > n . Let Mj = 

p (d-l)k 3 and N . = p n fc0 -(n fc .+fe^) _ Set = max { M(; Nj\j = l,---J,---,m} 

and k = 0. Assume thatn^^+km-i — km — 1 ^ if p = d. Then, the torsion 
part of T d K(X)/T d+1 K(X) is nontrivial, where X = SB(A). Moreover, 

(i) For m = 1, the torsion part of V d K(X)/Y d+x K(X) is a cyclic group 
of order Mi if n kl + dk\ < n ko! Ni (respectively, N\/p) if n kl + dk\ > n ko 
(respectively, if dk\ > n ko , n kl = 0, and p = d). 

(ii) For m > 2, the torsion part of T d K(X) /T d+1 K(X) is annihilated by 
Pi,m if n h + dk < n ko and n k . + dkj > n ko for j = 1, • • • , I, ■ ■ ■ , m, N m if 
n k . + dkj > n ko for all 1 < j < m. 

Proof. Let go, - ■ ■ ,g m be elements of T d K(X) as in Lemma [2.2| . For 1 < j < m, 

let tj = a(n ko ,d)a(n kj1 d)~ 1 p~ dk] . As d < p, we have a(n ko , d)a(n kj , d)^ 1 = 
p nk o~ nk i . Hence, ej > 1 (respectively, ej 1 > 1) if n ko > n kj + dkj (respectively, 
n ko < n kj + dkj). Consider an element tj = go — £jgj (respectively, t'j = 
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e j 1 9o - 9j) in T d K(X) for n ko > n k . + dkj (respectively, n ko < n kj + dkj). By 
direct computation, one has 

\ p n k a y d — p n k - dk J h(p k] ) d if d < p, 

and 

{pTikj+dkj yd _ pn kj fo^pkjy i£ d <p, 

p nk j + j ~ 1 y d — p nk ]~ 1 h(p k: >) d if d = p and n kj > 0, 
pdkjyd _ ^pk^ Y ii d = p and n k] = 0, 

where y = x-l, h{u) = £" =1 Qv V - 

From now we assume that n km _ x + fc m _i — & m — 1 7^ if p = d. We first 
show that tj ^ r d+1 i ; r(X) for all 1 < j < m. Let a = n ko — dkj (respectively, 
oi = n ko — dkj — 1) and p\ = n ko — k\ (respectively, p\ = n ko — k\ — 1) if d < p 
(respectively, if d = p). Suppose that tj e T d+1 K(X). Then by Lemma |2T4 
and (0) we have 

-p«h{p k i) d = ( yi - i) d+ V(yi) +^{yx), 

for some polynomial ip(yi). By substitution y x — 1 = z, we have 1 = z<f>'(z) + 
pfci(d-i)^,/^^ a con tradiction. Hence, ^ T d+l K(X). Applying the same 
argument to p^ d ~^ kl ~Hi, together with Lemma [2.4| , we obtain p^ -1 )* 1-1 ^ ^ 
T d+1 K(X). 

Let /3 = (respectively, (3 = n k . — 1 or 0) and Pj = n kj _ 1 + kj^i — kj 
(respectively, pj = n^.^ + kj-i — kj — 1) if d < p (respectively, if d — p). 
Suppose that G T d+1 K(X). Again by Lemma |2]3] and @ we obtain 

-pP h (p k >) d = ( Vj - i) d+ V(%) +P p ^(y 3 ), 

for some polynomial ip(Vj)- By substitution yj — 1 = z.,-, we get 1 = Zj(f/(zj) + 
p p i~Pi/) , (z), a contradiction. Therefore, ^ r +1 ff(Jf). In particular, by 
the same argument one has p nfc o _fcl_2 t' 1 ^ T d+1 K(X) if = and p = d, 
p„ fc0 -„ &1 - fcl -i t , ^ pm^x) otherwise. 

Consider the coefficient 



r 



t \ /it 



.71/ V Id , 

of ?/ r in h(p i) for d + 1 < r < dp fcj , where the sum ranges over all partitions 
of 71 + ■ • • + 7^ = r with 1 < 7^ < p ki . We claim that 

(9) v p (c r ) > kj — v p (r) (respectively, v p (c r ) > kj — v p (r) + 1) 

if d < p (respectively, if d — p). If d < p, then for each < v p (r) < kj 
there exists at least one 7« such that v p {r) > Vp(ji) for each summand of 
c r . Therefore, we have kj — v p {r) < kj — v p {ji) < v p (c r ). If d = p, then 
for each partition 71 + • • • + 7 P = r such that 71 > • • • > 7 P there are a 
multiple of p permutations of this partition. Moreover, the collection of such 
permutations form all partitions of 71 + • • • + 7 p = r. Therefore, for each 
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partition 71 + ■ ■ • + 7 P = r such that 71 > ■ • • > 7 P there exists at least one 7; 
in the partition such that v p (r) > v p (ji) and this appears at least a multiple 
of p times in c r . Hence, (kj — v p (ji)) + 1 < v p (c r ), which proves the claim. 

Let Mj = p^~ l ) k i and Nj = p n *o-(%-+M f or 1 < j < m. To show M j t j G 
T d+1 K (X) , it is enough to verify that each coefficient of y r in Mjtj is a multiple 
of a(n ko ,r) for d + 1 < r < <ip fcj . If d < p (respectively, d = p), then the 
coefficient of y r in Mjtj is p nk o~ k ^c r (respectively, p nk o~ k ^~ 1 c r ). By ([5]), we have 
v P (a(n ko ,r)) < n ko -kj+v p (c r ) (respectively, v p (a(n ko ,r)) < n ko -kj+v p (c r )-l) 
if d < p (respectively, d = p). Therefore, Mjtj G T d+1 K(X) for each case. If 
d < p or d = p and n kj > 0, then Mjtj = Njt'j, which implies that Njt'j G 
T d+1 K(X). If d = p and n kj = 0, then the coefficient of y r in (Nj/p)t'j is 
p m ~ k i~ 1 c T . By (H), each coefficient of y r in (Nj/p)t'j is a multiple of a(n ko ,r). 
Hence, {Nj/p)t'j G r d+1 X(X). 

So far we have shown that the classes of tj and are torsion elements in 
r d i ; T(X)/r d+1 i ; r(X). Moreover, theses are annihilated by Mj and iVj, respec- 
tively. In particular, the order of the class of t\ is M\ and the order of the 
class of t[ is Ni or Ni/p, where the last case happens if n kl = and p = d. 
Therefore, the torsion part of T d K(X)/T d+l K(X) is nontrivial. 

Assume that n km _ 1 + nk m + fc m -i > n . Then by Lemma the classes of 
9o, • • • j^m generate the quotient T d ii'(X)/r d+1 ii'(X). To finish the proof, we 
split into two cases. 

Case 1: n kj + dkj > n ko for all 1 < j < m. As the orders of the classes of 
9o, ' ' ' ; 9m are not finite, any torsion element in T d K (X) /r d+1 ii'(X) is a linear 
combination of the classes of t^, ■ ■ ■ , t' m . Since each class t'j is annihilated by Nj 
and iVj < N j+1 for < j < m - 1, the torsion subgroup of T d X(X) /r a!+1 X(X) 
is annihilated by N m . In particular, if m = 1, then the torsion subgroup of 
r d X(X)/r d+1 X(X) is cyclic of order Ni or N\/p, where the latter case occurs 
if n kl = and p = d. 

Case 2: n kl + dk\ < n ko and n kj + dkj > n ko for j — 1, ■ ■ ■ , I, ■ ■ ■ , m. By the 
same argument in the previous case, any torsion element in r d i^(X) /T d+1 X(X) 
is a linear combination of the classes of t\ and t'j for j = 1, •••,/,•••, m. As 
the class U is annihilated by Mi and the classes t'j, j = 1, • • ■ , I, • ■ • , m, are 
annihilated by Nj, the torsion subgroup of T d K(X)/T d+1 K(X) is annihilated 
by max{M;, Nj\j = 1, ■ • • , m}. In particular, if m — I — 1, then the 

torsion subgroup of T d K(X)/T d+1 K(X) is cyclic of order M\. □ 

Remark 2.6. ii) Let m > 2. As n k . + fcj > n k . +1 + fcj+i for all < j < m — 1, 
indeed the number P; m in Proposition |2.5| is equal to max{X m _ 1; M m } if I = m, 
max{X m ,M;} otherwise. 

(ii) Note that the condition n km _ x + & m _i — k m — 1 7^ is only used for 
the case p = d. Hence, by the proof of Proposition [2.5| , the torsion part 
of T d K(X)/T d+1 K(X) is nontrivial for any central simple algebra of p-power 
degree such that ind(A) > exp(A) and d < p. 
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(iii) The condition n fcm _ 1 + n km + k m _i > n is only used when we apply 
Lemma |2.2| . Therefore, if the other generators are generated by g±, - ■ ■ ,g m , 
then the proposition still holds without this condition. See the second example 
in Example [2.7| . 

Example 2.7. (i) Let A be a central simple algebra of ind(A) = 5 8 and 
exp(A) = 5 5 such that ind(A® p ) = 5 7 , ind(A® p2 ) = 5 4 , ind(A^ 3 ) = 5 2 , and 
md(A® p4 ) = 5, i.e., A has the reduced sequence (8,7,4,2,1,0). Let X = 
SB (A). As n kl = 4 and n k2 = 2, by Proposition the torsion subgroups 
Torsr 2 K(X)/r 3 ir(X) and TotsT 3 K(X)/T 4 K(X) are annihilated by 5 3 . 

(ii) Let A be a central simple algebra of ind(v4) = 3 4 such that the reduced 



sequence is (4, 2, 0). As n kl + n k2 + ki < n ko , we cannot apply Proposition |275 
directly. However, by direct computation one has 

h-3g - 9/ 4 - 3g 9 - 3g 8 - 12g 7 - 82q 6 - 38g 5 - 32g 4 - 45g 3 = 0, 

where h = a(2, l)(a; 3 - l)a(0, l)(x 9 - 1), fa = a{9,i){x 3 - l)\ and q { = 
a(81,i)(x - l)\ This implies that h = 3g in T 2 K(X) /T 3 K(X). Hence, the 
quotient group T 2 K (X) /T 3 K (X) is generated by go, gi, g<i- Hence, by applying 
Proposition^, Tors T 2 K{X)/T 3 K{X) is annihilated by 3 2 . 

3. Annihilators of torsion of Severi-Brauer varieties 
In this section, we use Proposition |2.5| to prove the main result of this paper: 



Theorem 3.1. Let fci, • • • ,k m G [1, v p (exp(A))] be the (increasing) indices 
of the reduced sequence (n k ) of a central simple algebra A of p-power degree 
satisfying n kj < n fc ._ 1 - 2 and n km _ x + n km + k m _ x > n . Then for any 
2 < d < p — 1, the torsion subgroup Tors CH d (SB(A)) is annihilated by 



ifVje[l,m]:t 



N m tl II Pl % ^° r S ° me 1 '■ tl ^ 1 Vj G i 1 ' m ]\W : t 3 = X ' 

i=2 

where Nj = p n °~ nk j~ k ^ M it j = pt 1 ' 1 ^ 7 tj = max{l < s < d \ n kj + skj < n }, 
and Pi = maxjM^/, Nj \ j — 1, • • • , I, ■ ■ ■ , m} for 1 < j < m and i > 2. 

Proof Let X = SB(A). By the proof of [g, Corollary 6.8], if for any 2 < i < d 
the torsion subgroup Tors T l K (X)/T t+1 K(X) is annihilated by an integer a^, 
then the torsion subgroup of the topological filtration Tors T d K(X)/ T d+1 K(X) 
is annihilated by products nf=2 a «- As d < p, by the Riemann-Roch theorem 
the torsion subgroup CH d (X) is annihilated by Yit=2 a * as wen - Hence, it is 
enough to find annihilators of Torsr i i^(X)/r i+1 K(X). 

Let tj = max{l < s < d \ n k . + skj < n } for 1 < j < m. If tj = 1 for 



all j, i.e., n k . + ikj > no for all 2 > 2 and all j, then by Proposition [2.5| N m 
annihilates the torsion part Tors T l K(X)/T' l+l K(X) for all 2 < i < d. Hence, 
the result follows. If t\ ^ 1 for some 1 < I < m and tj = 1 for all j G [1, m]\{/}, 
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then n kl + iki < n for all 2 < i < tj, n kl + ski > n for all s > U + 1, and 
nf.. + ikj > n for all i > 2 and all j but /. Therefore, the result follows from 
Proposition |2.5| . □ 

Remark 3.2. In particular, if m = 1, then for any 2 < d < p — 1, the torsion 
part TorsCH d (SB(A)) is annihilated by 

h 

(JlMi.ijJV?-* 1 . 

i=2 

Applying Proposition |2.5| , we obtain the same result for the torsion subgroup 
Tors CH P (SB(A)) under the additional condition n km _ 1 + k m _\ — k m — 1 > 0: 

Theorem 3.3. Let fci, • • • ,k m £ [1, f p (exp(A))] 6e t/ie (increasing) indices of 
the reduced sequence (n k ) of a central simple algebra A of p-power degree such 
thatn kj < n k] _ x -2, n km _ x +n km + k m „ x > n , andn km _ x + k m _ x -k m -\ > 0. 
Then, the torsion subgroup Tors CH p (SB(v4)) is annihilated by 

N^ 1 z/VjG[l,m]:t, = l, 

h 

N m tl II Pi % ff° r some and Vj e [1, m]\{l} : tj = 1, 

where Nj = p n °~ nk i~ k ^ M it j = pt 1 ' 1 ^ 7 tj = max{l < s < d \ n kj + skj < n }, 
and Pi = maxjM^/, Nj \ j = 1, • • • , I, ■ • • , m} for 1 < j < m and i > 2. 

Remark 3.4. Indeed, in the case where m = 1, n kl = 0, and t± < d, by 
Proposition |2.5| (i) we can improve the result: the torsion part Tors CH p (SB(yl)) 
is annihilated by 

i=2 

Example 3.5. (i) Let A be a central simple algebra of a prime exponent p 
such that ind(v4) > exp(A). Then, Theorems [J7TJ and imply that for any 
2 < d < p the torsion subgroup TorsCH d (SB(A)) is annihilated by p^" 1 )/ 2 if 
v p (md(A)) >d+l. 

(ii) Let A be a central simple algebra of ind(A) = p 30 and exp(v4) = p 27 
such that k\ = 2, k 2 = 4, k 3 = 5, n kl = 27, n k2 = 24, and n k , A = 22. 
Then by Theorems [J7TJ and |3.3| , for any 2 < d < p the torsion subgroup 
TorsCH d (SB(A)) is annihilated by p 3d ~ 3 . 
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